Answers for Exam for Dynamical Systems and Chaos, 8 April 2026.
I.

Consider the differential equation
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=71 cosr — sin2x, —rm<z<m (1)

. Use sin 2z = 2sinx cos x to write: & = cosz(r — 2sinz) so cosz = 0 = z* = 2% = +7/2

. Use f'(z) = —rsinx — 2cos2z so f'(at)=—r+2=r, =2and f/(z7)=r+2=r_=-2.

Two new fixedpoints can exist if » — 2sinz = 0. This has only solutions for —2 < r < 2. Here the

fixedpoints are sinx* = 3

We use f'(z) = —rsinz — 2cos 2z = —rsinz — 2(1 — 2sin®z). Inserting sinz* = %, we get: f/(z*) =
—% —-2(1— 2%) =2+ % Since r < 2 these are stable.

The two fixed points emerging are stable, so it is supercritical.

r~2 = z*~7/2+zx = sin(w/2+x):1—%2 =45 =>rx=2V2-1r = ¥ >27/2+/2 -7
(r <2).

II.
Consider the system
P /8 _|_Mx1+a _ yxa
= —xz—y (2)

One nullcline is y = x (straight line) and the other is y = g

-
1
For ¢ we have y = z. For & we obtain 0 = § — yx®. Inserting y = x yields: a* = T+

We calculate 0, (z7%(8 — yx®)) + 9y(z7%(z — y) = —Baz™ ' — 27 Since a > 0 and z > 0, this is
always negative. Therefore limit cycles cannot exist.
B

For the second equation we again have x* = y*. Inserting this gives: 3 —|—,um% 2 =0= 2 = (m)

wno

We have: Jll == %CC%(&M - 1), J12 == —x%, J21 == 1, J22 =—1.

A=3(1- M)%ﬂé > 0. Therefore it must be a spiral on one side of the bifurcation and for 7 = 0 a

Hopf bifurcation. Now 7 = —1+ %x%(?),u ~-1)=1=103u— 1)(%)% Isolating /8 yields: 8 = (%(;:{‘))3.

Since 7 = 0, we need to calculate A, since w = v/A. From the Jacobian A = %(1 — ,u)%ﬁ% For p = %,
we obtain 8 = % so A = %(l)§(§)% = %8% - 1.

3/°\3
I11.
Consider the discrete mapping
Tnt1 = fan) =2 — pa;, (3)
_ 2 _ —1+/1¥8u
F=2— px*t =t = om =

Stability: f/(z*) = —2ua* = 1 F /1 + 8u. The '+’ solution is alw ays unstable. The -’ solution
becomes unstable when f'(z*) = -1 = +1—/1+8u=—-1=pu = %.

For a two-cycle: 4y =1 —pa?,o_ =1—pa? = oy —o_ = p(eg +o_)(zy —2) =>4 +2_ = 1/p.

x,:2—,11:63:>ﬂ:+—i—2—,uxi:1/,u$xi:1i7§i“73.

Pa) = o) ey) = (<200 ) - (~2us) =4 — 8= 0= gy = 1/2
12\ _ 7122 4

f(F)=2-55"=—3
4 742 12

f(=3)=2—57"=7%

Yes, it is a two-cycle. For p = %, f2/(1—72) = —J so it is unstable.



